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The History of Monte Carlo Simulation

Butfon 1707-88

Kifin 1824-1907
Gosset (gudent) 1908

Fermi, von N(imann, Ulam 1930-40's
Neutron%ansport 1950%
System Transgz)rt (RAMYS) 1 1990
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SAMPLING RANDOM NUMBERS
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Example: Exponential Distribution

Probability density function:

fr(t)=2e" t>0
=0 t<0 T/

»

Expected value and variance:

E[T]= %

Var[T] = -

12
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Sampling Random Numbers from F(x)

Sample R from Ug(r) and find X:
X =F,'(R)

CRC

Example: Exponential distribution

X

R=F,(x)=1-e*

FX(x)zl—e_ﬂ‘x

F;(R):—%ln(l—R)
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Sampling from discrete distributions

Q= {xo,xl,...,xk,...}
. Fk N
F,=P{X<x}=> P[X=x] s
i=0 : ___il___l__l_{_ ______ {
samplean R~ U[0,1) e |
Fgh V
Xp X X ,x
Graphically:
r
0 Foty Fiofithh Fefrerithy ]
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Failure probability estimation: example

Arc number i | Failure probability P;
1 0.050
2 0.025
3 0.050
4 0.020
5 0.075

B 1- Calculate the analytic solution for the failure
probability of the network, i.e., the probability of no
connection between nodes Sand T

B 2- Repeat the calculation with Monte Carlo simulation
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SIMULATION OF SYSTEM
TRANSPORT
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Monte Carlo simulation for system rellablllty

PLANT = system of Nc suitably connected components.

COMPONENT = a subsystem of the plant (pump, valve,...) which may stay in
different exclusive (multi)states (nominal, failed, stand-by,... ). Stochastic
transitions from state-to-state occur at stochastic times.

STATE of the PLANT at t = the set of the states in which the Nc components
stay at t. The states of the plant are labeled by a scalar which enumerates all
the possible combinations of all the component states.

PLANT TRANSITION = when any one of the plant components performs a state
transition we say that the plant has performed a transition. The time at which
the plant performs the n-th transition is called t, and the plant state thereby
entered is called k...

PLANT LIFE = stochastic process.
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Stochastic Transitions: Governing Probabilities

— -

i K' K'

-~

[
L

t

I
&
t

~ = -

= Tt [t k’)dt = conditional probability of a transition at tedt, given that
the preceding transition occurred at t and that the state thereby
entered was K.

= C(k / Kk’ t) = conditional probability that the plant enters state k,
given that a transition occurred at time t when the system was in
state k’. Both these probabilities form the "trasport kernel”:

Ktk [t-K)dt=T(t [t: k)dt C(k [ k1)

. B

= y(t; k) = ingoing transition density or probability density function (pdf)
of a system transition at ¢, resulting in the entrance in state k
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Plant life: random walk

CRC

Random walk = realization of the system life generated by the underlying
state-transition stochastic process.
4 System’s

| states
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Phase Space
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Example: System Reliability Estimation

1 APt . CTO=CT ) e[0T, ]

/25 N A S ) B A B B A ||ITM Ci(t)=C"(O+1 telr.T,,]

N Ve LR A .
0 T

T, Cf@O)=C"@)+1 te[r,TM]

(T T T T B B m C*(t)=C*(t) te[0,T,]

ﬁT(t) = CR(t)
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Example: System Reliability Estimation

C*()=C"(r) t€[0,T,]

C*()=C*"(@)+1 te[r,TM]

C*(t)=C"(t)+1 te[r,TM]

C*()=C"(1) t€[0,T,]

ﬁT(t) = CR(t)

Events at components level,
which do not entail system
failure
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SIMULATION OF COMPONENT
STOCHASTIC STATE
TRANSITION PROCESS FOR
AVAILABILITY / RELIABILITY
ESTIMATION




One component with exponential distribution of

the failure time

State X=1 = ON
State X=2 = OFF

State 2 T
State 1
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One component with exponential distribution of

the failure time

State X=1 = ON
State X=2 = OFF

State 2 T —
State 1 e
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One component with exponential distribution of

the failure time

State X=1 = ON
State X=2 = OFF

State 2 T
State 1
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One component with exponential distribution of

the failure time

A

3- 103 h
25- 103 h
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One component with exponential distribution of

the failure time

A

State X=1 = ON
State X=2 = OFF

3- 107 h'
25- 103 h-1

Limit unavailability:

1/ 1

[ =
1/ u+1/4

=0.1071

CRC
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Monte Carlo simulation for estimating the system
availability at time ¢

N, time intervals At

If the component fails in t+Af, the counter
increases c/(t) = cA(t) +1; otherwise, cA(t) =
cA(t)

>

Trial 1 —|—H—|—|—H—|—|—H—|J+I'|J1J+I'|J44—H-1J+I'|J+4H—l—l—F|—>
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Monte Carlo simulation for estimating the system
availability at time ¢

H ... another trial

>
Trial 1 IHIIHIIHIIHllllllllllllllllllllll>
Trial i-th IHIIHHlllllllHIlllllllllllllllllllllll >
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Monte Carlo simulation for estimating the system

H ... another trial
A

availability at time ¢

Trial 1 }

Trial i-th i

v

Trial N-th —+HH+4+4+4+4H44444+1+H+H+14 1

\4
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Monte Carlo simulation for estimating the system

availability at time ¢

The counter ¢A(t) adds 1 until M trials have been sampled
A

G,t)U PLX®)=1} = unavailability at time ¢;

= mean value of cA(tj) at time t;

I:j:::::::>

Trial 1 l

Trial i-th L1l ||||||Ii|||||||| >
LI L fF T 7T T rrrrryrT*™™™

Trial M-th ||||||||||||||||||||||||||:|||||Ia

Unavailability at time t; is equal to G.(t)= c(t jy
the mean value of c'(t) at timet, "/~ M
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&RG.

Unavailability
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SIMULATION OF SYSTEM
STOCHASTIC STATE
TRANSITION PROCESS FOR
AVAILABILITY / RELIABILITY
ESTIMATION




Phase Space
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Example: System Reliability Estimation

1 APt . CTO=CT ) e[0T, ]

/25 N A S ) B A B B A ||ITM Ci(t)=C"(O+1 telr.T,,]

N Ve LR A .
0 T

T, Cf@O)=C"@)+1 te[r,TM]

(T T T T B B m C*(t)=C*(t) te[0,T,]

ﬁT(t) = CR(t)
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Indirect Monte Carlo: Example (1)

Components’ times of transition between states are exponentially distributed

( 4, = rate of transition of component i going from its state j, to the state m,)

Arrival
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Indirect Monte Carlo: Example (2)

Arrival
1 2 3 4

1 - A A3 A s
E 2 ﬁg—)l = Zg—ﬂ ﬂg—>4
h—
= c c c

3 ﬂv3—>1 Z3—>2 = ﬂ3—>4

4 A5 A4 A5 3 -

* The components are initially (=0) in their nominal states (1,1,1)

= One minimal cut set of order 1 (C 1n state 4:(*,*,4)) and one minimal cut set
of order 2 (A and B 1n 3: (3,3,%*)).
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Analog Monte Carlo Trial

CRC

SAMPLING THE TIME OF TRANSITION

The rate of transition of component A(B) out of its nominal state 1 is:

A(B A(B A(B
21():/1()4_2()

152 1-3

* The rate of transition of component C out of its nominal state 1 is:

C C C c
M =A T Azt Aiss

* The rate of transition of the system out of its current configuration (1, 1, 1)
is:

A = 2+ 20+ af

* We are now in the position of sam lir(lig the first system transition time t,, by
applying the inverse transform method:

1
L =to _Wln(l - R)

where R, ~ U[0,1)
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Sampling the Kind of Transition (1)

* Assuming that t, < T, (otherwise we would proceed to the successive

CRC

trial), we now need to determine which transition has occurred, i.e.
which component has undergone the transition and to which arrival
state.

The probabilities of components A, B, C undergoing a transition out of
their initial nominal states 1, given that a transition occurs at time t,,
are: y 2 c
Al A1 Al
1(1,1,1) > 2(1,1,1) > /1(1,1,1)

Thus, we can apply the inverse transform method to the discrete
distribution

: Al ,R; A AL
i /1(1,1,1) i 2(1,1,1) > 54— (1,1,1) _’:{
: A
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Sampling the Kind of Transition (2)

 Given that at f, component B undergoes a transition, its arrival state can be
sampled by applying the inverse transform method to the set of discrete

probabilities
{lf—ﬂ if—ﬁ}
A

of the mutually exclusive and exhaustive arrival states
RS

B
A B
152 il—)?a

< ﬂf ->i< /113
|
I

v

0 1

 As aresult of this first transition, at t, the system 1s operating in configuration
(1,3,1).

« The simulation now proceeds to sampling the next transition time t, with the
updated transition rate

L,3,1) A B C
A3 = ga g 3B
CRC Prof. Enrico Zio




Sampling the Next Transition

* The next transition, then, occurs at

1
=t —WIH(I—RJ

where R, ~ U[0,1).

« Assuming again that t, < T,,, the component undergoing the transition and its
final state are sampled as before by application of the inverse trasform method to
the appropriate discrete probabilities.

e The trial simulation then proceeds through the various transitions from one
system configuration to another up to the mission time T,,.
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Unreliability and Unavailability Estimation

e

CRC

« When the system enters a failed configuration (*,*,4) or
(3,3,*), where the * denotes any state of the component, tallies
are appropriately collected for the unreliability and instantaneous
unavailability estimates (at discrete times t; € [0, T\ D);

» After performing a large number of trials M, we can obtain
estimates of the system unreliability  and instantaneous
unavailability by simply dividing by M, the accumulated
contents of CX(z,) and C,(7)), £,€[0,Ty]
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Direct Monte Carlo: Example (1)

A

B

For any arbitrary trial, starting at /=0 with the system in nominal configuration
(1,1,1) we would sample all the transition times:

1 . - )
~——In(1-R,,,) =4BC

Alsm, m, =23 for i=A,B
m =234 for 1=C

l —
lsm, =lo—

V

where Ri,l—)mi ~U[0,1)

These transition times would then be ordered in ascending order from t_. to
t <Ty .Letus assume thatt . corresponds to the transition of component A to
state 3 of failure. The current time is moved to t,= t_. in correspondence of
which the system configuration changes, due to the occurring transition, to (3,1,1)

still operational.
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Direct Monte Carlo: Example (2)
A

These transition times would then be ordered in ascending
order fromt . tot <T,,.

Let us assume that t_. corresponds to the transition of
component A to state 3 of failure. The current time is moved
tot,=t . in correspondence of which the system
configuration changes, due to the occurring transition, to

(3,1,1) still operational.
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Example (1)

A
153
O
< 1
A : A
! B
E fl—>3
: O
B i DB
0 : TM [1-2
! C
E [1>4
: = O
C T ] .
0 T, [153 f1n
System (A,B,C) I u I
Sys
0 F(1.1.1)—>(3.1.1) T,

CRC
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Example (2)

The new transition times of component A are then sampled

1 k=12
t?—)mA =0~ ln(l_R;g—)mA)

3om, Rt ,3—>my

~U[0,1)

and placed at the proper position in the timeline of the succession of occurring
transitions

e The simulation then proceeds to the successive times in the list, in
correspondence of which a system transition occurs.

» After each transition, the timeline is updated with the times of the transitions
that the component which has undergone the last transition can do from its new
state.

* During the trial, each time the system enters a failed configuration, tallies are
collected and in the end, after M trials, the unreliability and unavailability
estimates are computed.
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Availability Assessment of Oil and Gas
Processing Plants Operating under
Dynamic Arctic Weather Conditions

A real example of Direct MC Simulation
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An Offshore Oil and Gas Processingﬂ'a_nt

&RG

r‘ Gas Lift — Gas
— Oil
Cs7 T Fudl O
— Electricity
| A
I Fuel Gas @_ I
| — II Electricity |
| |
I
I Contactor I— —————— J
I
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| HEC3 ECI ]
| | cs3 EC4 €82 g sl
| I
| i
l— — 4 e e ) e e e e e e —
i S| =
Wellbore/
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&RG.

Contactor

Wellbore/
Manifold

Oil Export I
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System Failures and Minimal Cut Sets

NuDilOl.‘.
| ] S— T System Minimal Cut Sets
o] [memram] () () (o) (REER
HI&H2 s down H3&H4 is down
No Fuel No Fuel No . SEP1 SEP2

L Gas, X L Gas, X Elootriesy, 1 SEP3 TEG

o) A A ng fail, GS4 GS5
CS4 CS5

oe °° L H1 & H2 H3 & H4
Gﬁ N T GT3& GT4 GT3 & TC4
gmm o TC3& GT4 TC3 & TC4
EP1 & EP2 & GT5& GT6 &
EP3 GT7
GT5& GT6 & GT5 & GEN2 &
@@o@@@ I
GT5& GEN2&  GEN1& GT6 &
GEN3 GT7
GEN1& GT6&  GEN1 & GEN2 &
GEN3 GT7
No Fuel GEN1 & GEN2 &
Gas, X

GEN3

Basic Event

52

Turbo-compression | | Turbo-compression
syatem 3 fails, system 4 fals,

@ @ @ @ AMND Gate
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Transfer out

Transfer in

OR Gate

PR>FO




Component Reliability and Repair Data

ISeparator 7 SEP1, SEP2, SEP3  0.7621 22620
IGas'scrubber T GS4, GS5 0.8685 31837

‘Exportpump | EP1,EP2, EP3 1.1722 5182 14
‘Crude oil heater  H1, H2, H3, H4 1.039 10557 2.8
'Coolingsystem " CS4,CS5 1.2963 55535 4.2
‘Turbine-driven generator GEN1, GEN2, GEN3  0.8901 15735 20

GT3, GT4, GT5, GT6,
GT7 1.4841 2615 26

‘Turbo-compressor | TC3, TC4 1.0786 9126 5.2

-~
-~
—~—
~—
-~
—
~—
-~
—~
-~
—~—
—~—
—~—
—~—
—~—
-~
—~—
—~—
~
~

Dependent on time and
> (dynamic) operating
conditions

-
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Direct Monte Carlo Sampling

CRC

I

=

BN

System Transition Times
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Sampling Random Numbers from F(x)

Weibull distribution:

B
Fr(t)=1-— e_(%)

|~

CRC

x T = F;'(R) = n[-In(1 - R)]

— =

|-

> ¢ Ty =n[—In(1 —R)]
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Sampling Random Numbers from F(x)

Suppose that the component has survived until T';: Sampling T*

Assuming Weibull-distruibuted TTFs
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Sampling Random Numbers from F(x)

Suppose that the component has survived until T';: Sampling T*

Assuming Weibull-distruibuted TTFs

B
Fp(t)=1-— e_(%)

N
R(E) = P(T > t) = ¢ @) T, T,

F(Ty +T*) — F(Ty)
R(T,)

(576
—1n(1—R)+<%>T—T1

T2= T*+T1

CRC Prof. Enrico Zio POLITECNICO DI MILANO

P(Ti<T<T,+T*IT>T)) = 1—exp<—

T" =n




Sampling Random Numbers from F(x)

CRC

Suppose that the component has survived until T;: sampling T*

Assuming Exponentially-distributed TTFs (1.e., memoryless property)
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Sampling Random Numbers from F(x)

Suppose that the component has survived until T;: sampling T*

Assuming Exponentially-distributed TTFs (1.e., memoryless property)

ol
Fr(t)=1—¢ 1 /’\
f =1 — Exponential |' T, T, >t
T T*
1
B

K’lej

T*=—-nIn(1 —R)
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Direct Monte Carlo Sampling

N
Weibull distribution: Fy(t) = 1 — e (@) L> T = F1(R) = n[=In(1 — R)]

i
1
/_j\ T = ngl-In(1 - Ry)]Ps
|
|- : TlB ) 0 > t
IF\: T =nal—In(1 — Ry)]Pa
>

| I
T{

=~

>

A i
TS
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Direct Monte Carlo Sampling

N
Weibull distribution: Fy(t) = 1 — e (@) L> T = F1(R) = n[=In(1 — R)]

=~

1
/_j\ T = ngl-In(1 - Ry)]Ps
|
|- : TlB ) 0 > t
Ir\: T =nal—In(1 — Ry)]Pa
>

| 1
T{ 75\ PP
1 TZ =q l— In(1 —R3) + <71> ]

| B
T; —In(1 —R
Ua >

S I

A STZS

]
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Sampling Random Numbers from F(x)

t

B
Weibull distribution:  p,.(r) = 1 — e @) L> T = F-A(R) = n[-In(1 — R)]

|-

TS B F
: A TS =1 —ln(l—R5)+<—2>
| /\I n
| ' : > ¢
' TBy TE, TH S
[\m/:—\’ré‘l — nA[_]n(]_ — R6)]ﬁA + TZS
| ] | | . >
T1A: TZA: I I3
B I | :
I | .
— e g
& s
A
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Dynamic operating conditions

20 r T l

Histroical temperature
—— Forecasted temperature

N -
o o o
T = T

1

Temperature, °C

)
o
T

1

-30 ' ' -
01.07.2009  01.07.2010  01.07.2011  01.07.2012  01.07.2009

Date

Historical Data =——> Forecasting Model = Future prediction +
Random Noise
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Dynamic operating conditions

System State

A
State 1,17 +
State 0,17 +
State 1, L' +———
State 0,L* + —

State 0,1° + —

State 1,1° + N

Equivalent Age: component operates under dynamic conditions

0 tll t { tlz

Operating

conditions |,
LZ -
Ll
LO -

>

TF;o

Equivalent Age

A'(1)=¢A(7)

-
-

-

- -

y
Ty

CRC
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TS Lo ﬂLz (t)

-
- - 1
-
- i
-
-

——A0)

0
WIL 4 5L2
p | - 0L,
LO : *_I.
) * ° ' ® | > ¢
0
Piecewise Weibull hazard rate under dynamic weather conditions
(8L0,l. lf 1oC S TK
6L1,i lf —_ Soc < TK < 1
TTFLj = TFLO 6L1<,i = 6L2,i if —10°C < Ty < —5°C; {§<==11é2, ."’255475
6L3,i if —20°C<Tg<-10°C )2y ey
i 1 Ty < —20°C
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(Wind Chill Index)
(610, if — 7 <WCTg
. — < — _
TTR,; =[eyTTRy e, = {0 0 9= W0l <~ T, [K =120, 5475
2 tf 25 < WCTx < —15 i=12,..,25
&3 if WCTyx < —25
CRC

u(e) ¢
______________________________________________ M2
---------------------------------------------- |.lL1
___________________________________________________ _———- |.lL0
0 t
Wl £
L2 - :
14 £1 *
L ' &,
1°71 _—
e - : . >
0 t

Piecewise constant hazard rate under dynamic weather conditions

Prof. Enrico Zio POLITECNICO DI MILANO



System Availability

CRC

Perfect Repair

Instantaneous Availability, %

15 years, starting from 01.07.2016

Plant Perfect repair Minimal repair

an

location | Mean Expected No. |Mean Expected No.
Availability, % |of Failure Availability, % |of Failure

Hopen 97.272 £ 0.005 |59.89 88.407 +£0.009 |288.78

Ekofisk  [98.229 +0.004 |43.85 05.289 + 0.005 |151.76
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System Availability

CRC

Instantaneous Availability, %

Instantaneous Availability, %

Perfect Repair

100 F— T T

(o}
©
T

Time, year

95 -‘:J ry

(0]
()]
T

Minimal Repair
I

75
—+&— Hopen
70 /I\I | | | :]/I Ib‘lé3
© Q9O O N >
NN NN QY
DR NES RN S
Time, year
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Plant Overhaul

93.5 o 180
o
=
a—‘»‘r @ 160
= 93 G
@ S 140
= =
& 2
c 92.5 - 120
23] [1}]
@ G
= @
2100
1]

G
o
=
E
=
T 60 |
[18]
L]
a
S 40} -
|
o
=
.E 20 F [ with P, .—I}M:E}rears 7
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0 A T B . . .
o T W, - T = S o Nt £ S T s T N - Rt o N o SN
fz?*\ faﬁ‘ fz@ fz@ mﬁq’ fz?q’ -1557’ mﬁq’ mﬁq’ mﬁq” mﬁq" fa,'ﬁ‘q’ fz,'ﬁq’ fz,'ﬁq’ frﬁj fz?rb
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Operating Conditions Uncertainty
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Conclusions

CRC

B Complex multi-state system

B Repair and failure rates dependent on dynamic

operating conditions

A

MC simulation —

* Stochastic evolution of

* System state evolution

B Minimal and perfect repair
B Overhaul and PM

environmental and operating
conditions (Weather
condition forecast)
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Supply Availability of a Natural Gas
Transmission Pipeline Network

A real example of Direct MC Simulation

= IRd
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P A R | s




European Gas Pipeline Network
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Pipeline —_—
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A gas transmission pipeline network

Gas-receiving | Demand
terminals MMCMD
1 2 20 .— (20, 188) ﬁ;@— (50, 162) >@<f (20, 225) %
13 50 & b
14 70 @— (75, 150) %\ (50, 175) ——(13)
&5 29 (40
15 60 <9 e 27,
P >§< 0 12 L
\o~" )) 30
Production Producti @— w0, 150 %®/\ \@<
Facilities on 25, 205, 0. 25,
MMCMD (3) (25, 350) \@ (40, 225) gﬁ@
12 20 . o
* In system reliability and availability: R(t) and A(t)
13 75 *  Supply availability: Often expressed as the amount of the
14 80 average supply/production at a given time (e.g., flow Q(t))
15 25
CRC
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Failure modes and transition rates

CRC

Pipeline states:

- Operational

- Small leakage
- Large leakage
- Rupture

- Other failures

v" 18 components (pipelines), each with 5 states

Pipeline capacity depends on its health state

cij = 8(stj)ei;

0 S L R Ot

B A A ] o
wh - AL A oS
n=lug 0 - A o
el o0 0 — 0| R
w0 o o -] ot

s—s'| (# faiiures/h) s —» s'| (# failures/h)
/12{9 1.9250E-08L; As;  [3.7202E-04
li}{ 1.1000E-08L; ; | Asg [3.7202E-04
1.3228E-04

25 [5.500E-08L;; | Aug

ﬂi}{; 1.9250E-08L; Uso |2.9762E-3

wo |1.1905E-3 Uro

9.9206E-4

Uco |9.9206E-4
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Network Flow Capacity

etwork State

0(t,) Network Flow G tiq tito Time
Capacity Model

* Network functional and physical
characteristics
* Production and demand rates

* Cost parameters
* Otherrequirements (e.g., user importance)

Simulation # 1: {Q(ty), Q1(t1), ..., Q1 (tx)}

Simulation # M: {Qu(tg), Qu(t1), ..., Qp(t)}

%=1 Qm (T)
M

Q1) =
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Network Flow Capacity

Network Flow
Capacity Model
Transportation Cost Unmet Demand Penalty Dummy Cost
(df- - ) if) +efs ) ( - ) fif)
i:(ij)EE icvs Jj:(ij)EE
t __ t t : S
f},i = f;:,k + di’ Vi € V\V
JEPred(i) keSucc(i)
t t . .
0<fh<cf v(i,j) EE
flx=si—5, Vievs
keSucc(i)
0 <5 <sf VieVs

SRe
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Network Supply Availability Simulation
|

| 0 |

v

Initialise pipeline states s} ; < 8o and their
capacities cf; ¥(i,j) € E (Eq. (7))

v

Update network flow: Fpt —argming (}‘_‘E)
-rf

v

Sample system transition time t*

N5

Network Flow
Optimisation Model

v

Sample pipeline k that has caused network state
transition at t*

v

Sample the new state of pipeline k at t + ¢, st*t'

v

Update pipeline capacities at time
t+t°, cfit v(i,j) € E (Eq. (7))

v

Update network flow at

t+t' fint —argming (f“‘t')
ff-*[*

Record E for time interval [t, t + t"] and update

fopr < fope tet+t

No

-

—_—

Record foﬁ?), t=0,..,1

CRC

"l

~

Monte Carlo
Simulation of the
Network Stochastic
Process

J
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Example

Small leakage
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Results
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Results
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® o S e g
Scenario 1

Total Network| Mean STD

Flow* 196.1137 {0.0630
Transportation| Mean STD
Cost™™* 4.61104 |0.0015
Penalty Mean STD
Cost™* 2.11986 |0.0331
Unmet Demand
Node Mean | STD

12 0.2646 |0.0085

13 1.6723 [0.0396

14 0.5664 |0.0167

15 1.383 |0.0319

Node Production Deficit
Mean STD

0 0.2206 |0.0104

1 2.2175 10.0490

2 0.9943 10.0323

3 0.4539 10.0143




Case studies
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