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Exercise 1 (4.1 from green book)

Ten compressors, each one with a failure probability of 0.1, are tested independently.

What is the expected number of compressors that are found failed?
What is the variance of the number of compressors that are found failed?
What is the probability that none will fail?

What is the probabillity that two or more will fail?
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Exercise 1 — Solution

N = 10 compressors, p; = 0.1 VY compressor i = 1, ..., N, tested independently.

0, failed with p

Compressor either failed or not. Let’s call its state Y = {1’ not failed with 1 —p

Each compressor failure event is a Bernoulli trial. Given that they are independent, the binomial
distribution can be used: Bin(k;n,p) = (})p*(1 —p)"*

1) Elk]=-=np=10%x0.1=1
2)Varlk] = =np(1—p)=09
3) P(no failure) =P(Y; =1,..Y;0=1) =Bin(k =0;n=10,p = 0.1) = 0.349

Zl%tgz Bin(k; n, p) — too long
1—-P(k <2|n,p)

4) P(two or more will fail) = P(k = 2|n,p) =

(Note: P(two or more will fail) + P(2 compressors failed) - P(k = 2) # P(k = 2))
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Exercise 2 (4.9 from green book)

A machine has been observed to survive a period of 100 hours without failure with
probability 0.5. Assume that the machine has a constant failure rate A.

1. Determine the failure rate A.
2. Find the probability that the machine will survive 500 hours without failure.

3. Determine the probability that the machine fails within 1000 hour, assuming that
the machine has been observed to be functioning at 500 hours.
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Exercise 2 — Solution

Constant failure rate = exponential distribution for the failure time: T~e~%¢,
such that P(T>100)=0.5. This type of data is usually called right censored: we
only know that the component didn’t fail during the test. This can happen for
example if long tests are expensive or if limited amount of time is available for
testing.

DP(T>T)=05=R(T) =e*1 5 1=22=69x10"3

T;

2)P(T >T,) = R(T,) = e *T2 = 0.032

P(500<T<1000) _ R(500)—R(1000)

P(T>500) R(500) =0.97

3)P(T < 1000|T > 500) =
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Exercise 3

Consider a system of two independent components with exponentially distributed failure
times. The failure rates are A, and i, , respectively.

Determine the probability that component 1 fails before component 2.
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Exercise 3 — Solution

Component 2 outlives component 1 if, for example, the failure of component 1 occurs at a time T, within a

time interval (t, t + dt) and the failure of component 2 occurs at a time T, after t. The probability of this
event is:

P(L>th=t) fyyar ™= f, (1) di=Ae ™ds

Furthermore, given the assumption of independent components, the conditional probability P(T, 2t | T, =1)
is equal to P(T, > t) = e™2¢

Then, all the contributions for any time interval (t, t + dt) must be summed to give the required probability
P(T,>T)):

P(T, >T1)=]:P(T2 >tl=1t ) £ () dt
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Exercise 3 — Solution

NOTE |
This result can be easily generalized to a system of n independent

components with failure ratesA,,4,,...,4 . The probability that
component j 1s the first one to fail is:

P(component jfails first) = —
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Exercise 4 (HOMEWORK)

The reliability engineer of a nuclear power plant is unsure that the installed alarm system,
composed by a single alarm, is reliable enough. If the reactor enters an unsafe condition,
the probability that the alarm triggers is 0.99. Assume also that if the reactor is safe, the
probability that the alarm will not trigger is still 0.99.

Suppose that the reactor is in unsafe conditions only one day out of 100.

1. What is the probability that the reactor is in unsafe conditions if the alarm goes off?

2. If we add a second alarm (identical to the first one), what is the probability that the
reactor is in unsafe conditions if also the second alarm goes off? Comment the
results.
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Exercise 5 (4.3 from green book)

Consider the occurrence of misprints in a book and suppose that they occur at the rate of
2 per page.

1. What is the probability that the first misprint will not occur in the first page?
2. What is the expected number of pages until the first misprint appears?

3. Comment on the applicability of the Poisson assumption (independence, homogeneity,
fixed period) in this case.
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Exercise 5 — Solution

Occurrence of events (misprints) in a continuum period (pages, book). So this guides us towards the Poisson

k
distribution: Poi(k; (0,t),1) = 42

_At . o . . . . . .
——eh,tn of pages, k: misprints, A: rate of misprints.

%1)0
22 =271 = 0.1353
2) Be careful on the tricky question! The text asks for the expected number of pages, that we called t, until the
first misprint (k) appears. Thus, we are checking for the first occurrence of the event “misprint” in a set
number of pages. The misprint can either be present with a probability p or not with probability 1 — p. The

number of pages up until the event can be modeled through a geometric distribution: (1 — p)t 1p.
From the first point we know that we fail at finding the first occurrence of a misprint in the first page with
probability 0.1353. If we assume that this probability holds for each page t, we can asses: 1-p=0.1353.
Thus: E[t]=1/p=1.16.
3) We can assume that the misprint rate is constant and independent on the number of pages printed, that

the misprint events are independent (and can be counted) and that two misprints cannot happen in the
same page (is it realistic given the rate?).

1) P(first misprint not in first page) = Poi(k = 0|(0,t =1),A =2) =

J "’ POLITECNICO MILANO 1863



Exercise 6 (4.7 from green book)

An aircraft flight panel is fitted with two types of artificial horizon indicators. The time to
failure t of each indicator from the start of a flight follow and exponential distribution with a

mean value of 15 hours for the first type and 30 hours for the second type. A flight lasts for
a period of 3 hours.

1. What is the probability that the pilot will be without an artificial horizon indication by the
end of a flight?

2. What is the mean time to this event, if the flight is of a long duration?
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Exercise 6 — Solution

The flight panel is characterized by a flight indicator A with a redundancy B. The two indicators are both modeled with an
exponential distribution (similar component in the system...) but with different parameter (for example we can think about one
being newer that the other). We are interested in the reliability of the system. Therefore, we have to model their time to

failure. From the text:

fra(8) = Aae= 4t such that E[T,] = 15h =

A

fry (t) = Age =8t | such that E[Ts] = 30h = Ai

B

1) We can assume independence (no common cause failure from the text). So:
P(failure of panel before T = 3h) = P(failure of A before 3h AND failure of B before 3h)

=P(Ty <T =3h)P(Tg <T =3h) = (1—e*T)(1 - e8T) = 0.01725
2) Losing the panel before time t = Failure of the system before time t = failure of both A and B before time t. If we call f;5(t)
the system failure distribution the answer to the question is the expected value, which is called Mean Time To Failure:

MTTF = [" tfap()dt =" [ Rap()dt = [" 1 — Fap()dt = [ 1 — (1 — e *4T)(1 -

—AgT — [F g—Aat —Apt _ o—(Aa+dp)t gt = (_i ~2at _ L -apt 1 _()LA+)LB)t) ©_1 .1 T _
e eT)dt = ["e + e e dt " P t e 0 =i Tt =55k

(Note: the equality =* can be demonstrated through the integration per part and the limit of the reliability function, and it
holds for every distribution function).
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Exercise 7 (4.11 from green book)

In considering the safety of a building, the total force acting on the columns of the

building must be examined. This would include the effect of the dead load D (due to the
weight of the structure), the live load L (due to the human occupancy, movable furniture...)
and the wind load W. Assume that the load effects on the individual columns are
statistically independent and follow a Gaussian distribution with:

Up = 4.2 kips op = 0.3 kips
Uy = 6.5 kips o, = 0.8 kips
Uy = 3.4 kips oy = 0.7 kips

1. Determine the mean and standard deviation of the total load acting on a column.

2. If the strength R of the column is also Gaussian with a mean equal to 1.5 times the
total mean force, what is the probability of failure of the column? Assume that the
coefficient of variation of the strength 63 is 15% and the strength and load effects are

statistically independent.
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Exercise 7 — Solution

W,L,D are statistically independent such that:
W"’N(Hw, O-W)J LNN(.“L) O-L)) DNN(:U'D; O-D);

1) Totalload :T =W + L+ D~N (uW + u; + ,uD,\/O'MZ/ + of + aﬁ) = N(14.1,1.1)

2) Strength of the column: R~N(uy * 1.5, 6 * up * 1.5)

Column fails if T>R, so: P(failure)=P(T>R). T and R are gaussian random
variables, so it is easier to work with their difference, which we know to be

still gaussian, such that: X = T — R~N (,uT — Up,\ 0% + aﬁ) = N(-7.05,3.35).

Therefore: P(T > R) = P(X > 0) , and we can solve the problem by
standardizing the normal distribution, that is:

X — 0 — 7.05
P(X>0) =P XS 2T Cp(s>22) =1 - p(S < 2.102)
O-X O-X 335

=1— $(2.102) = 0.018

P(T > R)
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Exercise 8 (4.15 from green book)

The following relationship arises in the study of the earthquake-resistant design:

Y = ceX

where Y is the ground motion intensity at the building site, X is the magnitude of an

earthquake and c is related to the distance between the site and center of the
earthquake.

If X is exponentially distributed,

fr(x) = e, x=0

find the cumulative distribution function of Y, Fy (y).
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Exercise 8 — Solution

Y = ceX - In (%) = x (1) N
fx(x) = de™ - Fx(x)=1—e™™ (2)

Fy(y) = P(Y <y) = P(ce¥ <y)=>P(X <In (%))

=FX(ln(X))=1— ~An(g) _ 1_eln(§)lzl_<£)l y

(@)

¢ y
X=Magnitude

. ) ) . Y=Ground-motion intensity
Other solution (invariance under change of variable):

fx(x)dx = fY(Y)dy R
B 1 _ y 1 ln(g) 1 _1—
— x Ax _—_ — Ae Aln(c) = e VYV —= /1C]L 1-4
fY(y) fX( ) Zi’ cex Celn(%) y y
_’y>C *—/1

g -1-1 A y
Fy(y>—j fr )y = Ac? f y* 1 Agyr = 1R
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Exercise 9 (HOMEWORK)

Suppose that, from a previous traffic count, an average of 60 cars per hour was
observed to make left turns at an intersection.

What is the probability that exactly 10 cars will be making left turns in a 10 minute
Interval?

Discretize the time interval of interest to approach the problem with the binomial
distribution. Show that the solution of the problem tends to the exact solution obtained
with the Poisson distribution as the time discretization gets finer.
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Exercise 10 (HOMEWORK)

A capacitor is placed across a power source. Assume that surge voltages occur on the
line at a rate of one per month and they are normally distributed with a mean value of 100

volts and a standard deviation of 15 volts. The breakdown voltage of the capacitor is 135
volts.

1. Find the Mean Time To Failure (MTTF) for this capacitor;
2. Find its reliability for a time period of one month.
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Where to find more exercises...

Enrico Zio
Piero Baraldi

Francesco Cadini

Series on Quality, Reliability and Engineering Statistics \/ ()

BASICS OF RELIRBILITY
AND RISH ANALYSIS

Worked Ouf Problems and Solutions
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